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ABSTRACT
Wood products that are subjected to sustained stress over a period of long duration may weaken, and
this effect must be considered in models for the long-term reliability of lumber. The damage accumulation
approach has been widely used for this purpose to set engineering standards. In this article, we revisit an
accumulated damagemodel and propose a Bayesian framework for analysis. For parameter estimation and
uncertainty quantification, we adopt approximation Bayesian computation (ABC) techniques to handle the
complexities of the model. We demonstrate the effectiveness of our approach using both simulated and
real data, and apply our fitted model to analyze long-term lumber reliability under a stochastic live loading
scenario. Code is available at https://github.com/wongswk/abc-adm.

1. Introduction

The long-term reliability of lumber is an important consider-
ation in the construction of wood-based structures. That led
Foschi (1979) to advance the development of a system for setting
lumber standards with an explicit role for probability models
and return periods, and other key concepts in the theory of
reliability. There are challenges associated with the application
of structural reliability to wood products, as lumber has consid-
erable inherent variability and is susceptible to the “duration of
load (DOL)” effect. The DOL effect was first studied empirically
by Wood (1951). Briefly, when a piece of lumber is subject to a
sustained stress over a period of long duration, the stress may
cause it to first deform (known as creep) and then eventually to
fail (known as creep rupture). Thus for structural engineering
applications, the DOL effect has to be taken into consideration
when calculating safety factors, that is, to ensure a safe load-
carrying capacity for the structure. Foschi, Folz, and Yao (1989)
conducted an in-depth study of this nature and presented the
reliability assessment results for structural usage of lumber,
where the stress on an individual piece may be a combination
of random (e.g., from snow or owner occupancy) and constant
(e.g., from the dead weight of structure) loadings over time.

The time to failure of lumber products with a long intended
life span (e.g., 30 or more years) cannot be measured for practi-
cal reasons, so instead various accelerated testing methods have
been developed to study the DOL effect (Barrett and Foschi
1978). These tests are described in terms of the load applied over
time τ (t ), t ≥ 0. Two such commonly used loading patterns are
the ramp load and constant load. For a ramp load test, the load
is applied at a linearly increasing rate τ (t ) = kt until the piece
breaks, where k is the selected loading rate in psi (pounds per
square inch) per unit of time. One particular ramp loading rate
ks is set for calibration purposes, corresponding to the way the
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short-term strength of the piece τs is defined: letting random
variableTs denote the breaking time of the piecewhen ramp load
rate ks is used, then τs ≡ ksTs. In contrast, the constant load test
is based on applying a constant load τc over time: the procedure
begins with an initial ramp loading phase that increases the load
to the preset level τc, after which the test continues under that
constant load. The test ends when either the piece breaks, or the
piece has survived a specified time period without breaking. For
practical purposes, the time period after which a constant load
test is truncated is usually a few months to a few years.

To model the DOL effect and project the results obtained
from accelerated tests to longer time periods, the damage
accumulation approach has received substantial attention (e.g.,
Foschi and Yao 1986; Gerhards and Link 1987; Rosowsky and
Ellingwood 1992; Hoffmeyer and Sørensen 2007; Svensson
2009). In this context, α(t ) denotes the damage state of the
piece as a function of time, such that α = 0 indicates no damage
and α = 1 indicates failure. While α(t ) is generally a latent
function and not directly measurable—as we only observe
α(0) = 0 and α(T ) = 1 where T is the piece-specific random
failure time—the construction of theoretical models for α(t )
has nonetheless served as a useful device for fitting experimen-
tal data. A key feature of these models is that they provide a
corresponding theoretical damage accumulation curve α(t ) for
any input loading profile τ (t ) desired.

Accumulated damage models (ADMs) express the rate of
damage accumulation in terms of a differential equation that
involves τ (t ) and τs. Various functional forms of ADMs have
been proposed. For example, the “US model” was introduced
by Gerhards (1979) and slightly modified by Zhai (2011), which
specifies

d
dt

α(t )μ = exp
(

−A + B
τ (t )
τs

)
,
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whereA and B are random effects for each specific piece of lum-
ber, and μ is a constant with units “time” to ensure dimensional
consistency since the right-hand side is unitless. The “Canadian
model” was introduced by Foschi and Yao (1986), and we con-
sider the modified version with a reparameterization based on
dimensional analysis to ensure dimensional consistency (Wong
and Zidek 2018), given by

d
dt

α(t )μ = [(aτs)(τ (t )/τs − σ0)+]b

+ [(cτs)(τ (t )/τs − σ0)+]nα(t ), (1)

where a, b, c, n, σ0 are piece-specific random effects and
(x)+ = max(x, 0). Here, σ0 serves as the stress ratio threshold
in that damage starts to accumulate only when τ (t )/τs > σ0.
The Canadian model was previously shown to provide a good
fit to experimental data in Foschi, Folz, and Yao (1989); since
its introduction, that model has also been considered in subse-
quent damage modeling research (e.g., Fridley, Tang, and Soltis
1992; Sørensen and Svensson 2005; Li and Lam 2016). Hence
the Canadian model, as parameterized in Equation (1), will be
the main focus of this article, and to facilitate comparability
with Foschi’s results we set μ = 1 hour and use “hours” as our
time unit.

Previous work by Foschi and Yao (1986) and Gerhards and
Link (1987) have proposed nonlinear least squares (NLS) and
regression-based methods to estimate the parameters in these
models based on constant load experimental data. The fitted
models were then applied with various stochastic loadings τ (t )
to simulate real conditions such as snow loads and occupancy
loads, to assess the reliability of pieces over long periods of time.
Thus, the estimated ADM parameters have played a crucial role
in the development of safety factors for wood-based structures.
However, due to computational complexities, appropriate statis-
tical methods of parameter estimation have not been previously
attempted for these models. Such methods are necessary to
better quantify the effect of uncertainty in parameter estimates
on reliability. The advances in modern statistical computation
motivate us to revisit this problem and develop the necessary
foundations on which current engineering standards can be
evaluated and improved. We adopt a Bayesian approach for
inference, as it provides a coherent way to account for parame-
ter uncertainties in the posterior distribution for future time to
failure, and to incorporate any prior knowledge in the analysis.

The key application of this article is to assess long-term lum-
ber reliability under stochastic loadings. Using the fittedmodels,
wemay estimate the probability of failurewithin a certain period
when lumber is placed in service under various loading scenar-
ios, for example, the probability that an individual piece will
break within 30 years under loads typical of residential dwelling
units. The probabilities of failure are used to compute reliability
indices, and our Bayesian approach readily enables the construc-
tion of posterior intervals for these reliabilities as well.

The remainder of the article is laid out as follows. In Section
2, we discuss the difficulties encountered in parameter estima-
tion for ADMs, and propose an adaptation of the approximate
Bayesian computation (ABC) technique to tackle this problem.
In Section 3, we present results of our estimation procedure
on simulated data to assess its effectiveness. Analysis of a real
dataset is provided in Section 4. In Section 5, we review how

the ADMs are used for time-to-failure prediction under a live
loading scenario, and apply our fitted model for that purpose.
We conclude the article with a brief discussion in Section 6.

2. Parameter Estimation for the Canadian ADM

The parameter estimation problem of primary interest here is
the scenario where a random sample of pieces is subject to the
load profile

τ (t ) =
{
kt, for t ≤ T0
τc, for t > T0

, (2)

where τc is the selected constant-load level, and T0 = τc/k is the
time required for the load to reach τc under the ramp-loading
rate k. For calibration purposes, the test is run with k = ks
to match the ramp-loading rate used to define the short-term
strength of a piece of lumber (see Introduction). The load pro-
file in Equation (2) is the general constant-load test, and includes
the ramp-load test as a special case which is obtained by set-
ting τc = +∞. We first construct the likelihood function of the
model parameters based on the observed data tobs for the failure
times in the sample.

When we set k = ks and τc = +∞ for a ramp-load test, Ts
can be determined as a function of the piece-specific random
effects. For the Canadian ADM (1), Ts can only be solved
numerically; it can be shown that Ts is determined by the
solution to the equation (see Appendices)

H(Ts) = (akTs)b

(ckTs)n(b+1)/(n+1)

(
μ(n + 1)

Ts

) b−n
n+1

×
∫ − logH(Ts)

0
e−uu(b+1)/(n+1)−1du, (3)

where

H(t ) = exp

{
− 1

μ
(ckTs)n

Ts
n + 1

(
t
Ts

− σ0

)n+1
}

.

This provides an implicit solution of Ts as a function of a, b, c,
n, σ0.

The constant-load test with the same ramp-loading rate
k = ks for the initial portion (t ≤ T0) then has a failure time Tc
that can be expressed in terms of Ts and the piece-specific ran-
dom effects,

Tc = − 1
C2

log

( C1
C2
H�(T0) +C3

1 + C1
C2

)
,

where

C1 = 1
μ

[
akTs

(
T0
Ts

− σ0

)]b

C2 = 1
μ

[
ckTs

(
T0
Ts

− σ0

)]n
C3 = α(T0)H�(T0)

H�(T0) = exp {−C2T0}

α(T0) = 1
H(T0)

(akTs)b

(ckTs)n(b+1)/(n+1)

(
μ(n + 1)

Ts

) b−n
n+1

×
∫ − logH(T0)

0
e−uu(b+1)/(n+1)−1du.
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Thus, the complete solution for the constant-load failure time T
is

T =
{
Ts if Ts ≤ T0
Tc if Ts > T0

. (4)

To model piece-to-piece variation, it is customary to assign
distributions to the piece-specific random effects a, b, c, n,
σ0. For this purpose, independent log-Normals were used in
Foschi, Folz, and Yao (1989) which satisfy the basic condition
that each of the random effects is positive-valued. We take
the same approach in this article to facilitate comparability of
results; further discussion concerning these random effects is
provided in Section 6. The random effects distributions are thus
specified as follows in our application:

a|μa, σa ∼ Log-Normal(μa, σa)

b|μb, σb ∼ Log-Normal(μb, σb)

c|μc, σc ∼ Log-Normal(μc, σc) (5)
n|μn, σn ∼ Log-Normal(μn, σn)

η|μσ0 , σσ0 ∼ Log-Normal(μσ0 , σσ0 ) and set σ0 = η

1 + η
.

Therefore, the parameter vector of interest is θ =
(μa, σa, μb, σb, μc, σc, μn, σn, μσ0 , σσ0 ).

The likelihood contribution of one observation T = t would
be

fT (t|θ ) =
∫

· · ·
∫

p(t|a, b, c, n, σ0)

× p(a, b, c, n, σ0|θ )da dbdc dn dσ0

=
∫

· · ·
∫

I{(a,b,c,n,σ0 ):h(a,b,c,n,σ0 )=t}(a, b, c, n, σ0)

× p(a, b, c, n, σ0|θ ) da dbdc dn dσ0,

where h is the implicit solution of T expressed in terms of a,
b, c, n, σ0 and I{·}(·) is the indicator function (i.e., IA(x) =
1 if x ∈ A and IA(x) = 0 if x /∈ A). The set {(a, b, c, n, σ0) :
h(a, b, c, n, σ0) = t} involves h which has no closed form.
Therefore in practice one cannot directly calculate the likelihood
using this integral.

In addition, the constant-load test is truncated after a cer-
tain period of time for practical reasons, so the likelihood of the
observed data tobs for one board would be

f (tobs|θ ) = fT (tobs|θ )I{t :t≤tc}(t ) + (1 − FT (tc|θ )) I{t :t>tc}(t ),
(6)

where tc is the censoring time and fT (·|θ ) and FT (·|θ ) are,
respectively, the density function and the distribution function
of T determined by the solution (4). Since fT (t|θ ) is intractable,
so is the likelihood f (tobs|θ ).

It can be seen that the form of fT (t|θ ) resembles that of a
nonlinear random-effects model, with the failure time of the ith
board in a random sample modeled as Ti = h(ai, bi, ci, ni, σ0,i).
However, there are two important distinguishing features of
the ADM. First, there is no explicit error term εi. This follows
from the fundamental modeling assumption of ADMs seen in
the Introduction: given the realizations of the random effects,
the damage accumulation is described by a deterministic ODE.
Second, the function h has no analytic form. Thus, existing
approaches for estimation of nonlinear mixed-effects models

(e.g., Pinheiro and Bates 1995; Bae and Kvam 2004) are not
readily applicable here.

For a given parameter vector θ , the likelihood can be com-
puted numerically with brute-force to achieve any required level
of approximation accuracy. We may simulate a large number of
T ’s using (4) to approximate its probability density, for example,
using kernel density estimation. This poses no conceptual
difficulty since it is simple to generate a, b, c, n, σ0 from (5) and
then with these random effects, we can solve for T using (4)
numerically. However, a parameter estimation procedure, if we
wish to maximize the likelihood, will require many probability
density evaluations, which makes this approach impractical.
Also, analytical gradient-based or convex optimizationmethods
cannot be used with this likelihood function.

The estimated parameters will finally be used in the context
of constructing time-to-failure distributions under simulated
live loadings. To propagate uncertainty in the parameter esti-
mates to those distributions in a statistically coherent way, we
adopt a Bayesian approach for inference on θ based on Markov
chain Monte Carlo (MCMC) simulation. MCMC is also an
appealing approach for exploring the parameter space without
requiring gradients. Nevertheless, a vanilla MCMC algorithm
also requires repeated likelihood computation at each iteration.
In what follows, we adopt the approximate Bayesian computa-
tion (ABC) technique as a likelihood-free version of MCMC,
which only requires the ability to generate data from the model;
thus, this allows us to sample θ in an efficient way. In Section
2.1, we briefly review ABC as based on the MCMC algorithm
described in Fearnhead and Prangle (2012). In Section 2.2,
we propose suitable modifications to the algorithm to handle
the censoring in our data. Some implementation details are
provided in Section 2.3.

2.1 Review of ABC-MCMC

Let θ be the parameter vector of interest and yobs be the n-
dimensional observed data. The key step in ABC is the approx-
imation of the posterior

π(θ |yobs) ≈ πABC(θ |sobs) ∝ π(θ )p(sobs|θ ),

where sobs = S(yobs) for some summary statistics S(·). Then
p(sobs|θ ) is defined via a further approximation step,

p(sobs|θ ) =
∫

π(y|θ )Kδ (S(y) − sobs)dy,

where Kδ (·) is a density kernel with bandwidth δ > 0 (Fearn-
head and Prangle 2012). Hence, an MCMC sampling algorithm
for this ABC posterior is given in Algorithm 1, where g is a spec-
ified proposal distribution.

2.2 Modified ABC-MCMC for Censored Data

From previous research (e.g., Beaumont, Zhang, and Balding
2002; Joyce et al. 2008; Fearnhead and Prangle 2012), the choice
of summary statistics plays a crucial role in the success of an
ABC algorithm. Ideally, if the summary statistics S(·) are suffi-
cient for θ , then the ABC posterior is identical to the true poste-
rior. Formost real applications it is impossible to find such a suf-
ficient statistic, and so S(·) would be chosen to contain as much
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Algorithm 1: ABC-MCMC sampling algorithm of Fearn-
head and Prangle (2012)
1. Generate θ ′ from g(θ |θk)
2. Generate y from f (y|θ ′) and find s = S(y)
3. Calculate

α(θ ′, θk) = min
(
1,

Kδ (s − sobs)π(θ ′)g(θ ′|θk)
Kδ (sk − sobs)π(θk)g(θk|θ ′)

)

4. Accept θ ′ and s with probability α(θ ′, θk); otherwise
θk+1 = θk and sk+1 = sk

information about θ as possible while being of fairly low dimen-
sion. In our model, the number (or proportion) of censored
observations is certainly an informative statistic, but on a differ-
ent scale than other summary statistics such as means or quan-
tiles. This problem could potentially be solved by designing an
appropriate metric that combines statistics computed from the
censored and uncensored observations. But here we can instead
exploit the censoring in our context and factorize the likelihood
such that the density kernel approximation is only applied to
the uncensored observations instead of the whole dataset.

Based on the likelihood (6), the joint likelihood of the n-
dimensional observation tobs of an independent and identically
distributed (iid) sample is

f (tobs|θ ) = fT (t ′obs|θ ) [1 − FT (tc|θ )]nc (7)

=
[n−nc∏

i=1

fT (t ′obs,i|θ )

]
[1 − FT (tc|θ )]nc

=
[n−nc∏

i=1

fT (t ′obs,i|θ )

FT (tc|θ )

]
[FT (tc|θ )]n−nc [1 − FT (tc|θ )]nc ,

where by exchangeability nc is the number of censored pieces in
the observed data and t ′obs is the uncensored part of the observed
data. Since fT (t|θ )

FT (tc|θ )
, 0 ≤ t ≤ tc is a normalized density, the density

kernel approximation when applied to
∏n−nc

i=1
fT (t ′obs,i|θ )

FT (tc|θ )
will have

correct scaling for any choice of summary statistics on t ′obs. This
yields the posterior

π(θ |tobs) ∝ f (tobs|θ )π(θ )

=
[n−nc∏

i=1

fT (t ′obs,i|θ )

FT (tc|θ )

]
[FT (tc|θ )]n−nc

× [1 − FT (tc|θ )]ncπ(θ )

∝ π(θ |t ′obs) [FT (tc|θ )]n−nc [1 − FT (tc|θ )]nc

≈ πABC(θ |s′obs) [FT (tc|θ )]n−nc [1 − FT (tc|θ )]nc ,

where s′obs = S(t ′obs), and FT (tc|θ ) can be estimated consistently
by F̂T (tc|θ ) = n−1∑n

i=1 I{ti :ti<tc}(ti) using the simulated ti from
fT (t|θ ) that will already be generated as part of anABC-MCMC
algorithm.

This provides an approximation of the Metropolis–Hastings
(M-H) acceptance ratio. We present Algorithm 2, as a version
of Algorithm 1 generalized to handle censoring, which we use
throughout this article.

Algorithm 2: ABC-MCMC sampling algorithm for cen-
sored data
1. Generate θ ′ from g(θ |θk)
2. Generate t = (t1, ..., tn) from fT (t|θ ′) and truncate the

data with the censoring level tc
3. Calculate s = S(t ′) and the censored proportion

p̂tc = n−1∑n
i=1 I{ti :ti<tc}(ti) where t ′ is the uncensored part

of the simulated data
4. Calculate

α(θ ′, θk) = min
(
1,

Kδ (s − s′obs)π(θ ′)g(θ ′|θk)
Kδ (sk − s′obs)π(θk)g(θk|θ ′)

×
(

1 − p̂tc
1 − p̂tc,k

)n−nc ( p̂tc
p̂tc,k

)nc
)

5. Accept (θ ′, s, p̂tc ) with probability α(θ ′, θk); otherwise
(θk+1, sk+1, p̂tc,k+1) = (θk, sk, p̂tc,k)

2.3 Choice of Summary Statistics, Kernel,
and Bandwidth δ

To implement Algorithm 2, we need to first choose the sum-
mary statistic S(·), the kernel function K(·), and the bandwidth
δ. For our model, there is clearly no natural sufficient statistic
for θ . Hence, for implementation we choose 19 equally spaced
quantiles from 5% to 95% as the summary statistics for the
uncensored part and a Normal kernel; the use of quantiles as
summary statistics was previously suggested in Allingham,
King, and Mengersen (2009). To determine the bandwidth δ,
we run several short simulations with different values of δ and
choose the smallest one that attains a 1% acceptance rate as
suggested by Fearnhead and Prangle (2012).

3. Simulated Examples

In this section, we set up simulation studies to illustrate the pro-
posed Algorithm 2. First, we choose the following fairly diffuse
prior distributions for most of the parameters in θ , which will
be used for both the simulated examples as well as the following
real data analysis,

μa, μb, μc, μn
iid∼ N(0, 20)

σ 2
a , σ 2

b , σ 2
c , σ 2

n , σ 2
σ0

iid∼ Inv-Gamma(0.01, 0.01).

The exception is μσ0 , for which we set the more informative
prior μσ0 ∼ N(0, 1) to correspond with the a priori belief that
on average no damage accumulates on a piece of lumber until
the stress level exceeds 50% of its short-term strength τs (Smith,
Landis, and Gong 2003, p. 181).

The two simulation scenarios we demonstrate here are (i) fit-
ting one constant-load dataset, and (ii) fitting two datasets with
different constant-load levels simultaneously. The constant-load
levels and duration of the tests are set to be the same as what we
have in the real data. The only difference from the subsequent
real data analysis is that the data here are simulated with a pre-
specified θ . Throughout these two simulation scenarios, the pro-
cedure is as follows: we draw a sample with size N which is cho-
sen to be close to the real data sample size. The proposal density
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Figure . Log-likelihoods of tobs for  ABC-MCMC samples of θ under different δ; the solid line is the log-likelihood of tobs given the true θ . δ is the bandwidth of the
kernel.

g(θ ′|θk) for the random-walk Metropolis–Hastings is N(θk, �),
where � = diag{0.01, 0.01, 0.01, 0.01, 0.2, 0.01, 0.01, 0.01,
0.1, 0.01} (diag{c1, . . . , cn} denotes the diagonal matrix with
diagonal entries c1, . . . , cn). We generate N observations
with θ = (−7.50, 0.50, 3.20, 0.20,−22.00, 0.30,−1.00, 0.20,
0.15, 0.05). These parameter values are chosen from pre-
liminary data analysis such that they produce data that are
somewhat similar to the real data. We then run Algorithm 2 to
obtain 500 posterior draws of θ with 100,000 burn-in iterations
and thinning interval 10,000. The large thinning interval was
used to eliminate autocorrelation in the MCMC samples. To
explore the effect of δ, we run simulations for 30 different values
of δ equally spaced between 0.1 and 3 and choose the one with
the acceptance rate closest to 1% as our choice of δ.

To evaluate the quality of the sampled θ ’s, we can perform an
approximate log-likelihood calculation on a small subset of the
samples from the MCMC run, such as our thinned list of 500
posterior draws. To do so, we generate 100,000 failure times for
each given θ and use kernel density estimation to calculate the
log-likelihood for tobs. Recall that it is not practical to calculate
the log-likelihood in this way during the MCMC for computing
theM-H ratio, as to obtain an accurate estimate of the density we
need to generate a large number of observations (e.g., 100,000),
which is time-consuming. In contrast, for our algorithmwe only
need to generate the same number of observations as in the
data at eachMCMC iteration and hence runs very efficiently for
exploring the parameter space.

Scenario 1: 4500/1Y In this scenario, we generate N = 300
observations with τc = 4500 and the duration of the test being
one year and fit this dataset with Algorithm 2.

In Figure 1, we have plotted these log-likelihoods for θ from
three different δ values. It is clear that the choice of δ affects
the quality of the simulation and goodness of the likelihood
approximation. While small values of δ theoretically provide
the best approximation, the extremely low acceptance rate ren-
ders δ = 0.1 to be useless in practice. For large values of δ, the
approximation is too crude which makes the accepted draws of
θ unreliable from the likelihood perspective. The results show
that δ = 0.4 indeed works well, with both a reasonable accep-
tance rate and good approximation to the likelihood.

Table 1 shows five sampled parameter vectors that produce
the highest log-likelihood values andTable 2 shows the posterior
means, the posterior standard deviations, and the 95% posterior
intervals for the parameters. From Table 1, it is clear that these
parameter vectors are quite different yet their log-likelihoods
(and log-posteriors, since the priors are mostly diffuse) are very
similar. This indicates some of the model parameters are quite
uncertain and the likelihood is flat over a wide range of values.
Indeed, this shows that our ABC-MCMC algorithm is able to
traverse the parameter space to find parameter vectors that can
fit the observed data well, and so the high level of uncertainty
is not a difficulty in practice for the algorithm. Figure 2 shows
that the estimated densities fT (t ) based on kernel smoothing for
these parameter vectors are almost indistinguishable.

Scenario 2: 4500/1Y and 3000/4Y In practice, multiple test
samples with different constant-load levels are used to help
calibrate the parameters. So we simulate such a scenario as well
to see how the estimation can improve. For this purpose, we
generate a second independent dataset with N = 200 observa-
tions, τc = 3000, and a test duration of 4 years. We then fit this
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Table . Five sampled parameter vectors, log-likelihoods, and log-posteriors for the simulated data in Scenario . The true value of θ is shown in the top row. These five
parameter vectors produce the highest log-likelihood values among the  posterior draws and ll are the log-likelihood values

μa σa μb σb μc σc μn σn μ
σ0

σ
σ0

ll log-post

θ −. . . . −. . −. . . . −. −.
θ̂1 −. . . . −. . −. . −. . −. −.
θ̂2 −. . . . −. . −. . . . −. −.
θ̂3 −. . . . −. . −. . −. . −. −.
θ̂4 −. . . . −. . . . −. . −. −.
θ̂5 −. . . . −. . −. . . . −. −.

Table . Statistics for the  ABC-MCMC samples in Scenario : posterior means,
posterior standard deviations, and posterior % credible intervals based on the
. and . quantiles

Mean SD 95% interval

μa − . . (−.,−.)
σa . . (., .)
μb . . (., .)
σb . . (., .)
μc − . . (−.,−.)
σc . . (., .)
μn − . . (−., .)
σn . . (., .)
μ

σ0
− . . (−., .)

σ
σ0

. . (., .)

dataset together with the dataset in Scenario 1 to obtain param-
eter estimates based on the combined data. To fitD > 1 datasets
at the same time (in this scenario, D = 2), we apply the ABC
approximation to Equation (7) for each dataset separately. So
a corresponding minor change in the M-H acceptance ratio is
needed. Using the proposal θ ′, we generate the multiple datasets
with the different settings (i.e., N, τc, and the test duration) and
calculate the summary statistics and the censored proportions.
To calculate the M-H acceptance ratio, we multiply together
the parts involving the summary statistics and the censored
proportions, that is,

α(θ ′, θk) = min

(
1,

π(θ ′)g(θ ′|θk)
π(θk)g(θk|θ ′)

D∏
d=1

Kδ

(
s(d) − s(d)

obs

)
Kδ

(
s(d)

k − s(d)

obs

)

×
(
1 − p̂(d)

tc

1 − p̂(d)

tc,k

)n(d)−n(d)
c
(
p̂(d)
tc

p̂(d)

tc,k

)n(d)
c
⎞
⎠ ,
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Figure . Histogram of simulated data (excluding censored observations) and esti-
mated densities for the parameter vectors in Table .

where the superscript (·)(d) denotes the values for the dth
simulated dataset, d = 1, . . . ,D.

For this simulation, we chose δ = 1.1 which gave an accep-
tance rate of 1.18%. The results are shown in Tables 3, 4, and
Figure 3. In Figure 3, we show histograms for the two simulated
datasets separately, and overlay the estimated densities com-
puted from the parameter vectors in Table 3. As the figure shows,
these parameters vectors each provide very good fits to both
datasets simultaneously. To see how the estimation improves,
we examined the standard deviations of the posterior draws
of θ̂ in Tables 2 and 4 and the range of their log-likelihoods.
Indeed, the posterior standard deviations in Scenario 2 are gen-
erally smaller than those in Scenario 1; as well, 95% of the log-
likelihoods in Scenario 1 lie in the range (−494.77,−389.71)
while 95% of the log-likelihoods in Scenario 2 lie in the tighter
range (−1072.76,−1035.25), indicating that incorporating the
additional dataset makes the estimation and our ABC algorithm
more stable.
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Figure . Histograms of simulated data (excluding censored observations) and esti-
mated densities for the parameter vectors in Table . The top panel is the simulated
/Y dataset and the bottom panel is the simulated /Y dataset.
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Table . Five sampled parameter vectors, log-likelihoods, and log-posteriors from combining the two simulated datasets in Scenario . The true value of θ is shown in the
top row. These five parameter vectors produce the highest log-likelihood values among the  posterior draws and ll are the log-likelihood values

μa σa μb σb μc σc μn σn μ
σ0

σ
σ0

ll log-post

θ −. . . . −. . −. . . . −. −.
θ̂1 −. . . . −. . −. . −. . −. −.
θ̂2 −. . . . −. . −. . −. . −. −.
θ̂3 −. . . . −. . . . −. . −. −.
θ̂4 −. . . . −. . −. . −. . −. −.
θ̂5 −. . . . −. . . . . . −. −.

4. Data Analysis

The illustrative real data example comes from a duration-of-
load experiment performed on visually graded 2x6 Western
Hemlock, which was first analyzed in Foschi and Barrett
(1982). The experimental data consist of three groups, and the
standard ramp-loading rate ks = 388, 440psi/hour was used
throughout:

(1) A set of 300 pieces was subject to a constant-load test
with τc = 4500psi for a duration of 1 year. In total, 56
pieces failed during the initial portion of the test, 98
failed during the 1-year constant-load period, and 146
survived to the end of the 1-year at which point the test
was truncated.

(2) A set of 198 pieces was subject to a constant-load test
with τc = 3000psi for a duration of 4 years. In total, 4
pieces failed during the initial portion of the test, 42
failed during the 4-year constant-load period, and 152
survived to the end of the 4-years at which point the test
was truncated.

(3) A set of 139 pieces was subject to the ramp-load test, that
is, τc = +∞ in Equation (2). The sample mean of short-
term strength τs in this set was 6936psi, and sample SD
2833psi.

To analyze the data, we followed the same procedure as
described in Section 3 for multiple datasets and chose δ = 1.3,
which gave an overall ABC-MCMCacceptance rate of 0.88%. To
set starting values for the algorithm, we used the NLS estimates
from Foschi and Yao (1986) as guidance, modified according
to our parameterization. Table 5 shows the five parameter vec-
tors with the highest log-likelihood values and Table 6 shows the
posterior means, the posterior standard deviations, and the 95%
posterior intervals for the parameter vectors. The histogram
and the empirical cumulative distribution function (ecdf) of
the data, along with the corresponding smoothed densities and

Table . Statistics for the  ABC-MCMC samples in Scenario : posterior means,
posterior standard deviations, and posterior % credible intervals based on the
. and . quantiles

Mean SD 95% interval

μa − . . (−.,−.)
σa . . (., .)
μb . . (., .)
σb . . (., .)
μc − . . (−.,−.)
σc . . (., .)
μn − . . (−., .)
σn . . (., .)
μ

σ0
− . . (−., .)

σ
σ0

. . (., .)

cumulative distribution functions (CDFs) for the parameter vec-
tors from Table 5 are shown in Figures 4 and 5. The results show
that these parameter vectors indeed provide a very good fit to the
data, and capture the variability in the individual parameters.

As noted by a reviewer, not all five random effects may be
necessary for fitting the model to a particular dataset. Indeed,
the variabilities in the piece-specific random effects b, c, n, σ0
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estimated densities for the parameter vectors in Table . The top panel is the ramp-
load dataset, the middle panel is the real /Y dataset, and the bottom panel is
the real /Y dataset.
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Table . Five sampled parameter vectors, log-likelihoods, and log-posteriors for the real data. These five parameter vectors produce the highest log-likelihood values
among the  posterior draws and ll are the log-likelihood values

μa σa μb σb μc σc μn σn μ
σ0

σ
σ0

ll log-post

θ̂1 −. . . . −. . −. . . . −. −.
θ̂2 −. . . . −. . −. . . . −. −.
θ̂3 −. . . . −. . −. . . . −. −.
θ̂4 −. . . . −. . −. . −. . −. −.
θ̂5 −. . . . −. . −. . . . −. −.

appear to be low here, as indicated by the small magnitudes
of the corresponding parameters σb, σc, σn, σσ0 in Table 6.
Appendix C uses our ABC-MCMC procedure to investigate
whether a simplified model, with fewer random effects, can rea-
sonably fit this specific dataset.
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Figure . Empirical CDF of the real data (excluding censored observations), and
CDFs computed from the parameter vectors in Table . The top panel is the ramp-
load dataset, the middle panel is the /Y dataset, and the bottom panel is the
/Y dataset. The gray area is the 95% posterior interval of the estimated empir-
ical CDFs.

5. Assessing Long-Term Lumber Reliability

5.1 Reliability Analysis for Live Loads

The key application of the fitted ADM is to assess the long-
term reliability of lumber, given a characterization of the load
profile τ (t ) that will be encountered in service. To present this
assessment, we first overview the construction of an example live
load profile and the key elements of a reliability analysis. The
reader may refer to the Appendices for additional background
and details of the results used.

Structures encounter different live load patterns, such as
owner occupancy in residential units, office occupancy in com-
mercial buildings, and snow loads on roofs that vary by region.
A more comprehensive discussion and comparison of these live
loads can be found in Foschi, Folz, and Yao (1989). For the fol-
lowing demonstration, we adopt the residential loads model for
τ (t ), t ≥ 0 presented therein. The load is stochastic and defined
as follows,

τ (t ) = φRo
γ D̃d + D̃s(t ) + D̃e(t )

γ αd + αl
. (8)

Following the National Building Code of Canada (NBCC)
standards document CAN/CSA-O86, we assume that γ = 0.25,
αd = 1.25, αl = 1.5. The value Ro is the characteristic value
depending on the lumber population, which in our example
will be the fifth percentile of the strength distribution of a
hemlock species Ro = 2722 psi. The parameter φ is called the
performance factor and plays a fundamental role in reliability
modeling, as a multiplicative factor applied to the load level.

The specifications for the load components in Equation (8)
from Foschi, Folz, and Yao (1989) are as follows. The normal-
ized dead load for the weight of the structure D̃d is assumed
to be a random variable D̃d ∼ N(1, 0.01). The sustained load
D̃s(t ) and the extraordinary load D̃e(t ) are two independent

Table . Statistics for the  ABC-MCMC samples in real data analysis: posterior
means, posterior standard deviations, and posterior % credible intervals based
on the . and . quantiles

Mean SD 95% interval

μa − . . (−.,−.)
σa . . (., .)
μb . . (., .)
σb . . (., .)
μc − . . (−.,−.)
σc . . (., .)
μn − . . (−., .)
σn . . (., .)
μ

σ0
. . (−., .)

σ
σ0

. . (., .)
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Figure . An example residential load profile with φ = 1.

processes. The sizes of the loads are modeled using gamma
distributions G(k, θ ) where k and θ represent the shape and
scale parameters. The random times between and during live
load events are modeled using exponential distributions Exp(λ)

with mean λ−1. Parameters for these models were previously
fitted using survey data (Corotis and Doshi 1977; Chalk and
Corotis 1980; Harris, Bova, and Corotis 1981).

The process D̃s(t ) consists of a sequence of successive periods
of sustained occupancy each with iid durationTs ∼ Exp(1/0.1).
During these periods of occupancy D̃ls ∼ G(3.122, 0.0481) iid.
The process D̃e(t ) consists of brief periods of extraordinary
loads, separated by longer periodswith no loadTe ∼ Exp(1.0)of
expected duration 1 year. When extraordinary loads occur, they
last for iid periods of random duration Tp ∼ Exp(1/0.03835).
The normalized loads D̃le during these brief periods are iid with
gamma distribution D̃le ∼ G(0.826, 0.1023).

An example of a simulated 30-year load profile according to
these settings is shown in Figure 6.

For a reliability analysis, the required service time for a piece
of lumber is assumed to be 30 years. Reliability is reported in
terms of the reliability index, defined as

β = −�−1(p f ),

where p f is the probability of failure during the service time
and � is the standard Normal CDF. See Madsen, Krenk, and
Lind (2006) for more details. Clearly β and φ must be related,
since larger loads (higher φ) are associated with more failures
(lower β).

To simulate the damage accumulation process for a single
random specimen, its random effects are sampled along with a
realization of τ (t ). Then according to the ADM, the specimen
is deemed to have failed if for some t ≤ 30, 1 ≤ α(t ) and the
associated survival time would be the smallest t for which that
is true. Based on a large number of replications, the estimated
probability of failure after 30 years, p̂ f , is obtained. From that
estimate we compute

β̂ = −�−1( p̂ f ).

By repeating this procedure for successive values of φ, the
functional relationship between β and φ can be estimated.
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Figure . Histogram of the posterior distribution of time-to-failure with a φ = 3
load profile, for failures that occur within the first  years.

5.2 Analysis Results

The failure time from the Canadian model cannot be solved
analytically for an arbitrary loading profile τ (t ), so we obtain
its numerical solution using odeint in the C++ Boost library.
This library provides a wide range of ordinary differential equa-
tion (ODE) solvers and we use the five-step Adams–Bashforth
method for the sake of efficiency.

Based on our Bayesian framework, the posterior cumulative
probability for the future time-to-failure Tf can be estimated
using the MCMC samples θi of θ ,

P(Tf < t|tobs) ≈ 1
nin j

ni∑
i=1

nj∑
j=1

P(Tf < t|θi, τi j)

≈ 1
nin j

ni∑
i=1

nj∑
j=1

P(Tf<t|ai j, bi j, ci j, ni j, σ0,i j, τi j)

≈ 1
nin j

ni∑
i=1

nj∑
j=1

I{t :t f ,i j<t}(t ),

where each τi j = τi j(t ) is an independent realization of the
stochastic load profile, ai j, bi j, ci j, ni j, σ0,i j are independent
draws of the piece-specific random effects from Equation (5)
conditioning on θi, and t f ,i j is the solution to the ADM given
ai j, bi j, ci j, ni j, σ0,i j, τi j .

Hence our simulation procedure is as follows: for each of the
ni = 500 draws of θ in Section 4, we generate a, b, c, n, σ0 using
Equation (5). Then we solve the Canadian ADM for the time-
to-failure Tf with this a, b, c, n, σ0 and a randomly generated
load profile fromEquation (8) with the givenφ.We replicate this
nj = 100, 000 times for each draw of θ . For example, the pos-
terior distribution of the time-to-failure Tf given the data tobs
with a φ = 3 load profile is shown in Figure 7. Note that there is
a small peak at the bottom of the histogram; these correspond to
the weakest pieces of lumber that do not survive the initial loads
under this scenario.

This procedure provides the estimated probability of failure
p̂ f by the end of 30 years and the associated reliability index
β̂ . To quantify the DOL effect, we also calculate the reliability
index assuming there is no DOL effect. When there is no DOL
effect, a piece of lumber breaks if the maximum load exceeds its
short-term strength τs during the 30-year period. The result is
shown in Figure 8. We also replicate the result in Foschi, Folz,
and Yao (1989) by generating a, b, c, n, σ0 using their estimates
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Figure . φ − β relationship for ABC-MCMC and Foschi’s estimates. When the DOL effect is considered, it can be seen that more failures are expected (and thus a lower
reliability index) across all values ofφ due to damage accumulated from sustained loads. The ABC-MCMC approach provides slightly lower estimates ofβ overall compared
to Foschi’s original estimates.

Table . The adjustment factors KD for ABC-MCMC and Foschi’s estimates

ABC-MCMC Foschi

φ2 φ1 KD 95% Interval φ2 φ1 KD

β = 2.5 . . . (., .) . . .
β = 3.0 . . . (., .) . . .
β = 3.5 . . . (., .) . . .

and parameterization. Then for a fixed β , we can measure the
DOL effect by taking the ratio of the two corresponding per-
formance factors φ1 and φ2 as indicated for β = 3 in Figure 8.
Foschi, Folz, and Yao (1989) defined this ratio as the adjustment
factor KD, that is,

KD = φ2

φ1
,

where φ1 and φ2 are the performance factors corresponding to
the specified value of β when DOL effect is absent and present,
respectively. The result is shown in Table 7. For our method,
we are also able to calculate the 95% posterior interval for KD
using the MCMC samples. The point estimates shown for our
approach are the posterior means.

We find that our approach provides a more conservative esti-
mate of reliability, while the result of Foschi, Folz, and Yao
(1989) is well within the range that would be expected due to
uncertainty from parameter estimation. The ability to produce
interval estimates is an important feature of our method, as
such intervals were not previously available using the Foschi
approach.

6. Discussion and Conclusions

In this article, we presented a Bayesian framework for esti-
mating the parameters and quantifying the uncertainty in
the parameters for the Canadian ADM. We adapted an ABC
algorithm to handle the computational challenges. Using the
fitted model, we presented an application to reliability analysis
using the posterior distributions of the parameters.

Our approach provides posterior probability intervals that
quantify the DOL effect, in particular the important adjustment

factor KD; such interval estimates could not be obtained by the
approach in Foschi, Folz, and Yao (1989). We note that both the
number (five) and structure of the random effects (independent
log-normals) adopted here were inherited from how the Cana-
dian ADM was previously used. Future work can apply this
Bayesian framework to other forms of ADMs and explore alter-
native or reduced parameterizations. As indicated by Appendix
C, the specific dataset considered in this article can be fit reason-
ably well with fewer random effects; in this case the posterior
interval widths of the associated reliability estimates remained
similar. More generally, if a well-informed dependence struc-
ture or constraints could be placed on the parameters, the
posterior intervals of the estimates may become more precise,
along with those of the resulting reliability predictions. The
computational approach we presented can easily handle such
refinements to the model, as long as one can simulate draws
from the random effects distributions. These aspects warrant
further study with data from additional duration-of-load exper-
iments. Other forms of future live loads can also be added to the
analysis—such as snow, wind, and earthquakes—so as to obtain
more realistic different stochastic load patterns for τ (t ).

Our work also shows that ABC-MCMC indeed is a promis-
ing approach for complicated models, in particular, models
involving differential equations that are widely used in engi-
neering applications. The absence of an analytic solution and
intractability of the likelihood can pose difficulties for apply-
ing traditional statistical methods in such models, especially
when the equations involve latent random effects. With this
approach, the only requirement to perform statistical analysis
and quantify estimation uncertainty is the ability to solve the
differential equations numerically given the parameters. The
general ABC-MCMC methodology is also extensible. Here,
we introduced an adapted version suitable for handling the
censoring seen in our failure time data.

The results presented also indicate that ABC-MCMC can be
especially powerful when the likelihood computation is very
costly, but not impossible. In that case, an ABC-MCMC sampler
that bypasses the likelihood can quickly explore the parameter
space to find good candidates of the parameter vector that
fit the data well, as our examples show. The costly likelihood
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Table C.. Five sampled parameter vectors, log-likelihoods, and log-posteriors for the real data using the reducedmodel. These five parameter vectors produce the highest
log-likelihood values among the  posterior draws and ll are the log-likelihood values

μa σa μb μc μn μ
σ0

ll log-post

θ̂1 −. . . −. . . −. −.
θ̂1 −. . . −. . . −. −.
θ̂1 −. . . −. . . −. −.
θ̂1 −. . . −. −. . −. −.
θ̂1 −. . . −. −. . −. −.

computation can then be applied to a subset of the sampled
parameter vectors to directly assess the goodness of the ABC
approximation. For our ADM application, we verified that
our parameter estimates are sensible by using a simple but
computationally expensive brute-force simulation to evaluate
the likelihood.

Appendix A: CanadianModel Derivation

These results are based on those derived in Wong and Zidek (2018). For a
ramp-load test using the standard loading rate k = ks, then we have τ (t ) =
kst , τs = kTs, and

d
dt

α(t )μ = [akTs(t/Ts − σ0)+]b + [ckTs(t/Ts − σ0)+]nα(t ).

Define the integrating factor

H(t ) = exp
{∫

− 1
μ

[
ckTs

(
t
Ts

− σ0

)]n
dt
}

= exp

{
− 1

μ
(ckTs)n

Ts
n + 1

(
t
Ts

− σ0

)n+1
}

.

Then

d
dt

[α(t )H(t )] = 1
μ

· H(t )
[
akTs

(
t
Ts

− σ0

)]b
.

No damage is accumulated until t = σ0Ts, so integrating we obtain

α(Ts)H(Ts) − α(σ0Ts)H(σ0Ts) =
∫ Ts

σ0Ts

1
μ

· H(t )
[
akTs

(
t
Ts

− σ0

)]b
dt.

Finally, the change of variables u = − logH(t ) yields Equation (3), where
we then recognize the integral to be the lower incomplete Gamma function,
which can be evaluated numerically using standard mathematical libraries.

Appendix B: Reliability Analysis for Live Loads

Reliability assessment is based on the performance equation

G = C − D, (B.1)

where both the future demand to be made on a random piece of lumber
D and its capacity to meet that demand C depend on a random vector of
random design variables that after a suitable transformation have a stan-
dard multivariate normal distribution. A Laplace approximation yields the
probability of failure

p f = P(G ≤ 0) ≈ 1 − �(β),

where β is called the reliability index. See Madsen, Krenk, and Lind (2006)
for more details.

The random future load towhich that piece will be exposed is the sumof
two randomcomponents, the dead loadDd and the live loadDl . For illustra-
tive purposes, we adopt the generativemodel of future loads for τ (t ), ˜t ≥ 0
presented in Foschi, Folz, and Yao (1989). We briefly review the stochastic
models with which the future loads are simulated and how those load levels
are used to construct plots for reliability assessment.

At the basis of the model are certain specified constants called design
values, which are in the National Building Code of Canada (NBCC) stan-
dards document CAN/CSA-O86: dnd and dnl . The design values for the
dead and live loads are then modeled as the constants dd = αddnd and
dl = αldnl , respectively, for specified parameters αd = 1.25 and αl = 1.5.
The design load is the constant dd + dl .

The corresponding constant for capacity C is based on the characteris-
tic value Ro for a given lumber population. Typically it is set to be a lower
percentile of the strength distribution, for example, the fifth percentile.
The design capacity is then φ′Ro for some constant φ′, with correspond-
ing design performance φ′Ro − (dd + dl ). The design capacity will equal
or exceed the design demand if φ′ is set at the φ for which

φRo − (dd + dl ) = 0. (B.2)

Another design value of importance is the dead to live load ratio
γ = dnd/dnl , which is typically 0.25. A little algebra then shows

dnl = φRo

γαd + αl
. (B.3)

The parameter φ is called the performance factor and like β plays a fun-
damental role in reliability modeling.

However in reality the dead and live loads are random and their distri-
butions must now be specified. This is done by using the design values as a
baseline and normalizing the loads as D̃d = Dd/dnd and D̃l = Dl/dnl . We
will confine our analysis in this article to live residential loads, which is one
of the many cases explored in Foschi, Folz, and Yao (1989). Hence we adopt
their stochastic load specifications, by first assuming that D̃d ∼ N(1, 0.01),
which is constant for the life of the structure.

The live loads are modeled as a sum of loads from two independent
processes: sustained and extraordinary. The sizes of the loads are mod-
eled using gamma distributions G(k, θ ) where k and θ represent the shape
and scale parameters. The random times between and during live load
events are modeled using exponential distributions Exp(λ)withmean λ−1.
Hence, the normalized live load at time t is given by the stochastic process
D̃l (t ) = D̃s(t ) + D̃e(t ), where D̃s and D̃e are the normalized sustained and
extraordinary loads, respectively.

The combined normalized dead and live loads are then converted to
actual load levels τ (t ). Applying Equation (B.3) it is easily shown that

τ (t ) = φRo
γ D̃d + D̃s(t ) + D̃e(t )

γ αd + αl
.

Table C.. Statistics for the  ABC-MCMC samples in real data analysis under the
reducedmodel: posterior means, posterior standard deviations, and posterior %
credible intervals based on the . and . quantiles

Mean SD 95% interval

μA − . . (−.,−.)
σA . . (., .)
μb . . (., .)
μC − . . (−.,−.)
μn . . (−., .)
μ

σ0
− . . (−., .)
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Figure C.. Histograms of the real datasets (excluding censored observations) and
estimateddensities for the parameter vectors in Table C.. The toppanel is the ramp-
load dataset, the middle panel is the real /Y dataset, and the bottom panel is
the real /Y dataset.

Appendix C: Assessing the Random Effects

It was noted by a reviewer that not all five random effects may be nec-
essary for fitting the Canadian ADM to a particular dataset. To investi-
gate this for the specific dataset considered in the article, we successively
removed one random effect at a time (by setting the corresponding σ of its
log-normal distribution to be zero) and refitted the model using our ABC-
MCMC approach. We then examined the log-likelihood values (Table C.1)
and ecdf plots (Figures C.1 and C.2) to assess the goodness of fit. For this

Table C.. The adjustment factors KD under the reduced model

ABC-MCMC

φ2 φ1 KD 95% Interval

β = 2.5 . . . (., .)
β = 3.0 . . . (., .)
β = 3.5 . . . (., .)
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Figure C.. Empirical CDF of the real data (excluding censored observations),
and CDFs computed from the parameter vectors in Table C.. The top panel is the
ramp-load dataset, the middle panel is the /Y dataset, and the bottom panel
is the /Y dataset. The gray area is the 95% posterior interval of the estimated
empirical CDFs.
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dataset, the random effects for b, c, n, σ0 could all be removed without sub-
stantially worsening the fit. Parameter estimates are shown in Table C.2.

Following the procedure in Section 5, we also computed the relia-
bility estimates corresponding to this fit, to assess whether the results
are sensitive to this modification to the model. The results are shown
in Table C.3 and Figure C.3. The point estimates for KD are closer to
Foschi’s values, while the widths of the posterior interval are similar and
have significant overlap with those in Table 7. Thus, we conclude that the
final reliability assessments based on these data are robust to the model
assumed.
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